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Abstract 

In this paper, we use the Kaluza-Klein approach to describe topological de- 
fects in a graphene layer. Using this approach, we propose a geometric 
model allowing to discuss the quantum flux in i^'-spin subspace. Within 
this model, the graphene layer with a topological defect is described by a 
four- dimensional metric, where the deformation produced by the topological 
defect is introduced via the three-dimensional part of metric tensor, while an 
Abelian gauge fleld is introduced via an extra dimension. We use this new 
geometric model to discuss the arising of topological quantum phases in a 
graphene layer with a topological defect. 
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1. Introduction 



The concept of the extra dimensions, which is treated now as one of 
the mostpopular concepts in the high energy physics, has a long story. 
Initially [l, H], the hypothesis of extra dimensions has been introduced as 
an attempt to unify gravity and electromagnetism. Despite this attempt 
had not succeeded and was abandoned, the idea of introducing additional 
spacetime dimensions as a possible instrument allowing to construct unified 
physical theories had found widest applications in the quantum field theory, 
especially due to the development of the string theory, which is well-known 
to be consistent namely in the space with extra dimensions jsj. 

The essence of the Kaluza-Klein approach in its modern form looks like 
follows: let us suggest that the spacetime, besides of the usual dimensions, in- 
volves compact extra dimensions. As a consequence, all fields defined in this 
space can be expanded in Fourier series with respect to the extra coordinates. 
Different Fourier modes arising throughout this expansion possess different 
masses depending on the size of the compact extra dimensions, thus, in prin- 
ciple, the infinite tower of new particles with infinite spectrum of masses can 
arise. Beside of the string applications, the Kaluza-Klein approach turned 
out to be an efficient description of black holes (for a review on Kaluza-Klein 
theory see 

The graphene, whose different aspects have been studied earlier in a num- 
ber of papers is a physical system whose description essentially 
involves topological defects. Different aspects of the graphene have been 
studied with use of the gauge fields approach lof, finite temperature 
methods 10|, Berry phases from the presence of dislocations in the graphene 



layer and the parallel transport of Dirac fermions in the presence of a 
torsion and a curvature [l2|. Recently, several investigations have established 
the physical similarity between gravity and some models used in condensed 



matter theory |l4j . Il3l . |15| . It is well-known that smooth deformations of 



graphene sheets produce a gauge field similar to the electromagnetic one 



16l . llTj , and topological defects in g raphene can be interpreted as a source 



of a non-Abelian gauge field [18|, ll9|, |20|, |2l| . Basing on this bridge between 



the physics of graphene and properties of the gauge and gravitational fields, 
in this work, we use the Kaluza-Klein theory to describe a graphene layer 
with a topological defect. The success of applying the quantum field theory 
concepts in the condensed matter theory allows to hope that the using the 
Kaluza-Klein theory for describing certain condensed matter models could 
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be very efficient. In particular, the very promising idea consists in using 
the Kaluza-Klein approach to graphene, where the extra dimension concept 
naturally emerges in the case of the presence of the topological defect. 

In this paper, we extend the two-dimensional metric which describes a 
topological defect in a graphene layer to a three-dimensional metric by adding 
an extra compact dimension to describe the Fermi-point degree of freedom, 
and demonstrate that we can calculate the geometric phase acquired by the 
wave function of a massless fermion which arises from the mix of the Fermi 
points, and the parallel transport of a spinor around the apex of a defect in 
a graphene layer. 

Geometric quantum phases is a term introduced by Berry [22] to describe 
the phase shifts acquired by the wave function of a quantum particle in 
a adiabatic evolution. A well-known quantum phase that belongs to this 



more general class of phase is the Aharonov-Bohm effect [23|. Within this 
effect, the wave function of the electron acquires a topological quantum phase 
circulating a solenoid. The electron moves in a region where the magnetic 
field is zero, and still feels the influence of the magnetic field via the vector 
potential in the phase acquired by the wave function describing the motion 
of the electron. Aharonov and Anandan 2J] extended the study of geometric 
quantum phases for any cyclic evolution, and the phase shift associated with 
any cyclic evolution is known as the Aharonov-Anandan quantum phase. 
The study of geometric phases in quantum system has attracted a great deal 
of attention in recent years 25[_26|. with the most important quantum effect 
is the Aharonov-Bohm effect 23|. In graphene, the geometric phase arising 
from the presence of a disclination in a graphene layer has been pointed 
out in 20, |2l|. In this paper, we extend the two-dimensional metric which 
describes a topological defect in a graphene layer to a three-dimensional 
metric by adding an extra compact dimension to describe the Fermi-point 
degree of freedom, and demonstrate that we can calculate the geometric 
phase acquired by the wave function of a massless fermion which arises from 
the mix of the Fermi points and the parallel transport of a spinor around the 
apex of a defect in a graphene layer. 

This paper is organized as follows. In section II, we a make a brief review 
of graphene, and the appearance of quantum fluxes due to the presence of a 
topological defect. In section IIL we introduce the concept of extra dimension 
from the Kaluza-Klein theory ^ in graphene, and discuss how to obtain 
the quantum flux from the i^'-spin part of graphene in a geometrical point 
of view. Finally, in section IV, we present our conclusions. 
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Figure 1: A graphene honeycomb lattice described by a yellow and green sites correspond- 
ing to the A and B sublattices. The vectors bi and b2 are vector of the unitary cell. A 
choice of the unitary cell are represented in right by polygon containing the sites A and 
B. The vectors aj represents the nearest neighbors of the lattice 



2. Graphene: a brief review 



In this section, we make a brief review of graphene and the arising of 
quantum phases caused by the presence of a topological defect called discli- 



nation |14j . Il3l . llSl . 1271 . |28| . The band of conduction of the graphene, which 
consists of a g raphite layer, can be described by the tight-binding model 
3 H H |21| . A graphene layer is a two-dimensional material formed by a 
isolated layer of carbon atoms arranged in a honeycomb lattice. We describe 
this structure by two sublattices A and B, where an unitary cell and the 
vector of the unitary cell are represented in the Figure [H 

By considering only nearest neighbour interactions in the tight-binding 
approximation, which includes vr-orbitals perpendicular to the plane at each 
C atom, the hopping of an electron on aplanar honeycomb lattice is described 
by the following Hamiltonian [29I, Isol, [sH 



H 



<i,j> 



(1) 



where the operator aJ creates an electron at a site z, aj annihilates it at a 
site j, and t corresponds to the hopping amplitude. Considering the periodic 
properties of the graphene structure, we can diagonalize the Hamiltonian 
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([T]) by using the Fourier transform, which reduces the problem of finding the 
values of energy to the problem of the diagonalization of the Hamiltonian in a 
single unit cell. Indeed, for a{k) = e^^"^ai, we obtain the following expression 
for the Hamiltonian: 

H . -t I ^Ha^^C^ym) ( ^^f- ] ( -(| ) . (2) 

where the Fourier transformed of operators a^(A;) and ag(/c) are associated 
with of the sublattice A and B. We can diagonalize the Hamiltonian ([2]) and 
obtain the following expression for the values of energy 




E = ±t\ll + A cos2 ^ + 4 cos ^ cos (3) 

where the interatomic distance is normalized to one. For special isolated 
values of k, the eigenvalues of the energy are zero. These zero points 
are known as Fermi points or ii'-points. From the relation ([3]) we obtain 
six ii'-points, where two of them are inequivalent. We select the vectors 
= ^(1,;^) and K_ = —^(1,^). The structure band of graphene 
consists of an approximately empty conduction band and a completely filled 
valence band. In this case, the behavior of graphene is dominated by the 
behavior of the Hamiltonian (jj]) near the Fermi points. Therefore we can 
develop a continuous theory for graphene near the Fermi points. A continuous 
theory for graphene based on the tight-binding theory describing both local 
and global properties is presented in Refs. [29, 30']. These continuous models 
complement atomistic methods incorporating long range effects, which are 
dificult to derive from the first principles. In this context, the Fermi surface 
reduces to two points (i^-points) located at the Brillouin zone. In the low- 
energy limit, the properties of graphene can be described by the free fermions 



theory [29| within a continuum model based on the Dirac equation [18|, |19 
Namely, in the absence of interactions (and in the low-energy limit), the 
Hamiltonian of the system looks like 

Ho = -ihvf {a-d^ + a^dy). (4) 

Here, a* correspods to the Pauli spin matrices (acting on the A/B labels), 
and Vf corresponds to the Fermi velocity. The corresponding states of this 
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system are labeled by the direction of the wave vector K and by the index A 
or B for the sublattices. We refer to these states as to |K-|-,^) and |K-|-, B). 
Since the Fermi level space is a four-dimensional space, we can choose these 
states as a basis by considering K_ = — K^.. Thus, the Hamiltonian (jl]) 
describes the transfer of an electron only from the A sublattice to the B 
sublattice and vice versa. 

Recently, the influence of topological defects in graphene layers on the 
trans por t properties of graphene has been investigated in a number of pa- 
pers 18, 19, 20, 2l[. Topological defects in graphene (disclinations, edge 



dislocations, etc.) can be conceptually generated by a "cut and glue" pro - 



cess which is known in the literature as the Volterra process [ij, |13 
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Recently, several authors have investigated geometric phases in graphene in 



the presence of topological defects. In Ref. [32|, one of us has used the 
parallel transport to investigated geometric phase in graphene by using the 
geometric theory of defects. When we transport a spinor ^ around of defect 
in a graphene layer with a defect, we obtain 

^' = f/(C)^, (5) 

where U{C) provides the geometric phase obtained by the spinor in this pro- 
cess. The matrix U{C) is the holonomy matrix, and a non-trivial holonomy 
can be interpreted as the analogue of the Aharonov-Bohm effect, where the 
magnetic flux is replaced by a "geometric flux" . For example, disclinations in 
a graphene layer can be generated via the Volterra process when we remove 
or insert a 7r/3 sector in a honeycomb lattice. As a result, afterwards, the 
hexagon in the lattice is replaced by a pentagon or heptagon. Bycutting a 



7r/3 sector and gluing the opposite sides (as it is done, e.g., in j2l|, l3lll), it 
can be described by using two equations which can be interpreted in terms 
of the fluxes of fictitious gauge fields through the apex of the cone: 



/ 



cj,dx>^ = -^a'; j A,dx^ = ^ry. (6) 



The first equation of (EI) measures the angular deficit of the cones arising 
when a spinor is transported in a parallel way around the apex of the cone 
produced by the variation of the local reference frame where a spinor is de- 
fined Ssf. The general expression of the parallel transport of a spinor around 



the apex of the cone in a graphene layer is given by a unitary transformation 
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called holonomy 32|, |34 . 



Ui{C) =Pexp 



exp 



where (x) corresponds to the spinorial connection 33| , and hq corresponds 
to the number of sectors which can be removed or inserted into a graphene 
layer. 

The second equation of ([6]) corresponds to the flux of the i^'-spin flux, 
which corresponds to the mix of the Fermi points K_l and K_ when one 



71 / 3 sector is removed from the graphene layer [201 . |21| . This cut (intro- 
duced via the Volterra process) yields an exchange between the A and B 
sublattices causing an apparent discontinuity when the spinor is transported 
around the defect. But, the parallel transport of the spinor along the cut 
must be smooth. To compensate this fact, we should introduce gauge fields 
that remove this fictitious discontinuity. Futhermore, the r* matrices which 
are present in the second equation of correspond to the standard Pauli 
matrices acting only on the Fermi-points indices ±. The general expression 
for the holonomy associated with non-Abelian gauge field in the second 
equation of (E]) can be written in the form [2cil |: 



U2{C) = Vexp 



Af, (x) dx'' 



exp 



-t (D dip 



(8) 



It is worth to mention that if we remove or insert an even number of 7r/3 
sectors, the second quantum phase in ([6]) becomes equal to ±1. This happens 
because the Fermi-points K.± are not mixed 20|, |2l|]. Up to now, the non- 
abelian gauge field A^ in the second equation of is introduced to describe 
the quantum flux from the mix of the Fermi points and has no geometrical 
description. In the next section, we shall see, with the description of the K- 
spin based on an extra dimension of the Kaluza-Klein theory ^ Issf, that 
the K-spin enters into the Dirac equation as a geometrical quantity. The four- 
dimensional Fermi level space (|K_|.,^) , |K+,i3) , |K_,^) , |K_,;B)) will be 
represented by usual Dirac 4-component spinors. 



3. Extra dimensions approach in a graphene layer 

We begin this section with a brief review of the Kaluza-Klein theory 
[H, [3^ . In the following, we show how the Kaluza-Klein theory can be used 
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to describe the Fermi-point degree of freedom (i^-spin) from the a geometrical 
point of view. It has been shown in Ref. j32| that the first quantum flux in 
([6]) can be obtained within the geometrical approach: a holonomy matrix is 
constructed when the spinor suffers a parallel transport around the apex of 
a graphitic cone. The effect of the parallel transport of a spinor around the 



apex of the graphitic cone is analogous to the Aharonov-Bohm effect [23 
However, a geometrical description for the second quantum flux in is not 
known yet. In this work, we suggest to give this description via the Kaluza- 
Klein theory [l], ^ [ssj, i.e., we intend to describe the Fermi-point degree 
of freedom or i^-spin via the Kaluza-Klein approach. In the Kaluza-Klein 
theory, the line element in the presence of a non-Abelian gauge field is given 
in the form 35 : 



ds"^ = Qfjiv {x) dx'' dx" + {dy + K 5^ dx^'f , (9) 

where g^j_i, {x) is the metric tensor in (2 + 1) dimensions, and y corresponds 
to the coordinate of the extra dimension (the k is a constant called Kaluza 
constant). Following the prescription of Ref. ^sj, an Abelian gauge group 
arises from a coordinate transformation y — )■ y + (x), where is a scale 
factor and e [x) is the parameter of the gauge transformation. Therefore, 
an Abelian gauge field is chosen as = (a;), where [x) corresponds 
to a gauge field which does not depend on y. Based on this coordinate 
transformation, we have that the off-diagonal elements of metric ([9]) are given 
by A^ (x) — > A'^ (x) = A^ (x) + (x). In the continuum approximation of 
the conical graphene leaf, we introduce the extra dimension y in the two- 
dimensional metric as 

ds^ = -dt^ + dp^ + Tfp^ dif"^ + (dy + ^pdi^y , (10) 

where ?7 is a parameter related to the deficit or excess angle corresponding to 
the angular sector which is removed or inserted to form the defect. Without 
the extra dimension, the element ffTOj) describes the cosmic string spacetime 
in (2-1-1) dimensions. Recently, the infiuence of the topology of the cosmic 
string spacetime background has been considered within several contexts. 
For instance, the gravitational analogue of the Aharonov-Bohm effect 36l . 
geometric quantum phases (sTf, application of the self-adjoint extension isj . 
classical holonomies with the Fermi- Walker transport [39'], and relativistic 
Einstein-Podolsky- Rosen correlations [401]. In the condensed matter physics. 
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the presence of this deficit of an gle in a sohd corresponds to a hnear topo 



logical defect called disclination [13|, [ij, ll5|, l27|. An interesting discussion 



about the influence of a disclination on the electronic properties of graphene 
is presented in Ref. We can also relate the deficit or excess angle to the 
number of sectors removed from or inserted into the graphite monolayer in 
the following way: 

.( = 1-^, (11) 

In this expression, the values of rj in the interval < rj < 1 correspond to 
removing a sector from the leaf to form the defect, 1 < r] < oo correspond 
to inserting a sector into a leaf to form the defect, and the integer number 
nn is the number of sectors in the graphene layer which can be removed 
or inserted to the construction of the cones of graphene. The curvature 
tensor corresponding to the metric ( fTOj) is R^''^ = ^^^2(0, where S2{r) is 
the two-dimensional delta function. The behavior of the curvature tensor 



is denominated as a conical singularity [28|, |27[, because it gives rise to the 
curvature concentrated on the cosmic string axis, while the curvature in all 
other points of the spacetime is zero. This extra dimension y serves for the 
description of the i^'-spin space in the continuum approximation of graphene. 
In ffTOj) . we have that the field Ba corresponds to the gauge field that couples 
the conical geometry of the graphene with the i^'-spin gauge group. In that 
way, the expression for the only non-zero component of the gauge field Ba 
must be 

B2 = ^. (12) 

while K = 1. 

Hence, if we want to study the dynamics of massless fermions in a graphene 
layer, we must define the spinors in the form similar to that one used in 
quantum field theory in curved spacetime j4l|. Spinors in curved spacetime 
background are defined in the local reference frame through the components 
of the noncoordinate basis O"" = e"^ (x) dx^, where the components e"^^ (x) 



are called tetrads |33| • In the Kaluza-Klein theory, the noncoordinate basis is 
also written as 6"" = (x) dx^, where the Greek indices indicate the space- 
time indices (/x = t, p, ip, y, where y is the extra spatial dimension) and the 
Latin indices a = 0,1,2,3 indicates the local reference frame (in particular, 
the index a = 3 denotes the extra spatial dimension). The components of 
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this noncoordinate basis satisfy the relation 

9^„y (x) = (x) e^^ (x) r]ah, 



(13) 



where rjah = diag (—1, 1, 1, 1) is the Minkowski tensor. Let us estabhsh that 
9^ = dt, 9^ = dp, 9"^ = rjpdif and 9^ = ^ pdip + dy, then, we can write the 
tetrads in the form: 



/I 

1 



\ 






VP 

2 



\ 






(x) 



1 / 



/ 1 








^ 





1 










^0 






J_ 

VP 
nn 
2v 




1 / 



(14) 



Now, let us begin to to discuss the Dirac equation for a massless fermion 
in the Kaluza-Klein theory. The general expression for the Dirac equation in 
this background becomes 



+ -^^tiab (x) 



^ = 0, 



(15) 



where S"* = | [7°, 7''] . The Dirac matrices 7" satisfy the relation {7*^, 7^} = 
— 2//"'', that is, the 7" matrices are defined in the local reference frame and 
correspond to the standard Dirac matrices given in the Minkowski spacetime. 
Note that the introduction of an extra dimension through the Kaluza-Klein 
theory allows us to describe graphene in (3 + 1) dimensions. In (3 + 1) di- 
mensions, the Dirac spinors are 4-component spinors and the 7^ matrices are 



4x4 matrices. It has already been discussed in Refs. [42|, |5| that we can 
build the 4x4 Dirac matrices from the 2x2 matrices r* and cr* that acts on 
the Fermi-points indices and A/B labels, respectively: 



7 



/ 
/ 



7' 



5 -= 2707^72^3 ^ ^3 ^ J 



/ 
-/ 



-a' 
a' 

a' 
a' ' ' 



(16) 



where / is the 2x2 identity matrix and S, the spin vector. The matrices a* 
(r*) are the standard Pauli matrices that satisfy the relation (a* + a*) = 
2 '7*-' {i,j,k = 1,2,3). Furthermore, the matrices are related to the 7" 



matrices as 7^ = e^^ (x) 7" 4l|]. The representation of the Dirac matrices 
f lTB]) is called the Weyl or chiral representation 42, [sf. 
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Returning to E g. ST5\i- we have that the term u^ab (x) obeys the Cartan 
structure equation |43|, |4J, |45 



0. 



;i7) 



From Eq. flMj) . we obtain the Slowing non-zero components of the connection 

= -a;^2 = -^^^ 2 (x) dip = 7] dip, 



1-form u\. 



(18) 



In this way, we can write the Dirac equation for a massless fermion in 
this background as 

i/^* + f ^ + M ^ + - i-f^^^ + i7^ - 7V ^ - (H 

dt \dp 2p J rjp dip 2r] dy dy Arjp 

Since the extra coordinate is periodic, we can expand the Dirac spinor 
in the Fourier modes with respect to the extra dimension, whose scale is 
denoted by L: 



^{t,p,^,y)= J2 e2-^'rvl>,(t,p,y,). 



(20) 



Z=— 00 



Afterwards, the Dirac equation f[T9|) takes the form: 



• 0^^^ ^ . 1 



d_ 1_ 
'd'p^Yp 



+ 1 1 7 

rip dip L 21] L 



7^ 



irip 



We are interested in obtain g th e geometric phase, therefore, we use the 
Dirac phase factor method |46l. |47| . Let us suppose that the Dirac spinor is 
written in the following forrnj^a 47 1 



(t,p,<^) = e*<^^° {t,p,ip) 



(22) 



where (j) is the quantum phase which the wave function acquires in this quan- 
tum dynamics, and \E'° is the solution of the Dirac equation 



dt dp TIP dip L 27] L 
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0. 



(23) 



The last two terms in (125]) correspond to the massive modes created by the 
extra- dimension of the Kaluza-Klein theory. Of course, by taking the mode 
/ = 0, we recover the description of massless fermions in graphene sheets in 
(2 + 1) dimensions. Let us first discuss a general case where the fermions 
are massive. For massive fermions, we have that the spinor acquires a 
geometric phase given by 



1 ^3 ^2 



2 ' 4 



dip 



TT 1 - 



6 



TT Zj , 

2 



(24) 



where we have used the definition given in ( ITTl) . The first contribution to the 
geometric phase (IMl) comes from the polar coordinates, while the second and 
third contributions are due to the presence of the deficit angle of the topo- 
logical defect. We can see that the phase shift does not depend on the 
velocityof the quantum particle, then, the phase shift fl2^ is a nondispersive 
phase 48, 49, 50] • Furthermore, we can see that we have obtained the phase 
shift (Ell) without making the adiabatic approximation in a closed path, thus, 
the phase shift ( 124]) corresponds to a Aharonov-Anandan quantum phase 24 
for a massive fermion. 

From now on, let us concentrate on the zero mode (/ = 0) of the Kaluza- 
Klein expansion (!22l) . i.e., \l/o (t, p,(p) = ip {t, p, ip), which describes the mass- 
less fermions in graphene in (2 + 1) dimensions. In this case, the Dirac 
equation ( IT9l) is reduced to 



• o^V' , . 1 
.7 



2p J rjp 0(p 



2r]p 



(25) 



By applying the Dirac phase factor method 46|, |47|] given in (122|) for the 
zero mode (/ = 0), we have that the wave function of the massless fermion 
also acquires the same phase shift give n in (1241) . Therefore, the phase shift 
(12^ is also a nondispersive phase 48|, |49|, l50| and the Aharonov-Anandan 
quantum phase [24] for a massless fermion in graphene. Then, the holonomy 
matrix ([5]) for a massless fermion in (2 + 1) dimensions is given by 



= U{C)-^{t,p,ip) = exp (i 



TT 1 



6 



2 



^(t,p,<^). (26) 



Note that the Dirac spinor ip in ( !25l) and ( l26l) is a 4-component spinor 
even if the dimension is reduced to (2 + 1) dimensions. By starting from the 
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geometric description of the Fermi-points degree of freedom introduced by 
the Kaluza-Klein theory, we have that the 4x4 matrices that appears in 
and fl26l) do not commute. The matrix corresponds to the generator 
of the rotation of the Dirac spinor on the p9?-plane, around the dischnation 
cone. The contribution given by to the holonomy fl26|) is similar to the 
holonomy ([7j) obtained via the parallel transport of a spinor around the apex 
of the cone. On the other hand, the matrix corresponds to the generator of 
rotations on the plane between the extra dimension and the radial direction, 
and its contribution to the holonomy (126|) is similar to the holonomy ([8]). 
This occurs due to the Kaluza-Klein description for graphene to be in (3 + 1) 
dimensions. Therefore, The quantum phase acquired by the wave function 
of the massless fermion through the Kaluza-Klein theory is similar to the 



quantum phases obtained in Refs. [20|, [21 



4. Conclusions 

We have shown a geometrical approach to describe the Fermi-point de- 
grees of freedom and the phase shift acquired by the wave function of a 
massless fermion in graphene that arises from the presence of a disclination 
via the Kaluza-Klein theory. To develop this method, we have extended the 
two-dimensional metric with a topological defect used earlier (see Ref. (32| ) 
by an extra compact dimension which describes the Fermi-Point degrees of 
freedom or the i^-spin. We have shown that an Abelian gauge field can be 
introduced into the line element to describe the appearance of the quantum 
flux of the i^-spin due to the influence of the topological defect on the i^'-spin 
part of graphene. Taking the zero mode of the Kaluza-Klein expansion of the 
wave function, we have found that the wave function of a massless fermion 
of the graphene acquires three independent contributions to the topological 
quantum phase, where one of them describes the phase shift which arises 
from the topology of the defect, and other describes the influence of the de- 
fect on the i^-spin space. Moreover, by applying the Kaluza-Klein approach 
to graphene, we have seen that both topological quantum phases for massive 
modes and the massless mode are nondispersive, and can be obtained with- 
out making the adiabatic approximation in a closed path, corresponding to 
Aharonov-Anandan quantum phases. 

We would like to thank the Brazilian agencies CNPq and CAPES for 
financial support. A. Yu. P. has been supported by the CNPq project No. 
303461-2009/8. 
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